Abstract. Characteristic numbers of families of maps of nodal curves to P 2 are de ned as intersection of natural divisor classes. This de nition agrees with the usual de nition for families of plane curves. Simple recursions for characteristic numbers of genus one plane curves of all degrees are computed.
Introduction
The main results of this paper are recursions calculating characteristic numbers of genus one plane curves of any degree, and of genus one plane curves with xed complex structure. En route, we derive known recursions on characteristic numbers of rational curves.
In Sections 2 and 3, we describe a rigorous framework for discussing characteristic numbe r s in general as intersections of natural divisors on Kontsevich's moduli space of stable maps, culminating in Theorem 3.15. This framework will beused in a companion article V4 verifying Zeuthen's calculation of the characteristic numbe rof smooth plane quartics curves, a project begun by P. Alu A3 . It will also beused in another article V5 extending formulas of Hurwitz and others on coverings of the sphere. In Section 4, we review facts about maps of low-genus curves to P 2 , and in the rest of the article we apply this set-up to deduce recursions solving the characteristic numbe rproblem for genus one plane curves.
Characteristic numbe rproblems motivated a great deal of algebraic geometry in the last century. For a complete historical background and references, see K1 . After the advent of the intersection theory of Fulton and Macpherson, a modern study of the enumerative geometry of cubics was undertaken successfully in the 1980's see A1 for history. The introduction of Kontsevich's moduli space of stable maps earlier this decade has re-invigorated the eld by suggesting surprising recursions involving solutions to such enumerative problems, and has led to great advances. This particular paper was inspired by KaKi .
Numerous conversations with A.J. de Jong have tremendously improved the exposition and argumentation in this paper. The author is also grateful to T. Graber, P. Belorousski, and R. Pandharipande for useful discussions and advice, and to J. Harris for rst introducing him to these questions. He also thanks A. Postnikov for discussing the combinatorial background to Section 5.11. A maple program implementing all algorithms described here is available upon request.
Conventions and background results
2.1. We work over a xed algebraically closed eld k of characteristic 0. By scheme, we mean scheme of nite type over k. By variety, we mean a separated integral scheme. All morphisms of schemes are assumed to bede ned over k, and bre products are over k unless otherwise speci ed.
Suppose f : X ! Y is a morphism of varieties. We say f is unrami ed at a point p if the induced morphism of tangent spaces T p;X ! f T fp;Y is injective, and that f is unrami ed if it is unrami ed at all points p 2 X. Let Singf X bethe singular points of f, let Smf := X n Singf, and let ramf bethe rami ed points of f. Let X r e g bethe regular points of X.
If f : C ! X is a morphism of schemes and Y is a closed subscheme of X, then de ne f ,1 Y as C X Y ; f ,1 Y is a closed subscheme of C.
If f : X ! Y is a nite morphism of equidimensional varieties, then the rami cation Weil divisor R f is the sum over the height 1 associated primes p of f of the length at p times the Weil divisor p. If :Ỹ ! Y is the normalization, and p : X YỸ ! X is the projection, then it is simple to check that g : X YỸ !Ỹ is also nite, and p R g = R f . 2.2. A family of nodal curves over a base scheme S or a nodal curve over S is a proper at morphism : C ! S whose geometric bers are reduced and pure dimension 1, with at worst ordinary double points as singularities. There is no connectedness condition. If X is a scheme, then a family of maps of nodal curves to X over S or a map of a nodal curve to X over S is a morphism : C ! X S of schemes over S, where : C ! S is a family of nodal curves over S. A nodal curve with no base scheme speci ed is a nodal curve over Spec k, and a map of a nodal curve to X is a map over Spec k. Similar de nitions hold for families of nodal curves and maps over Deligne-Mumford stacks see DM for de nitions. We will actually need results in this generality, but for simplicity of exposition we will prove basic results only over schemes. The arguments over Deligne-Mumford stacks are the same.
2.3. Lemma. | Suppose : C ! S is a family of nodal curves over a normal variety S. Let :C ! C be the normalization map. Then :C ! S is also a family of nodal curves. There is an e ective Cartier divisorÑ onC such that !C = S = ! C = S ,Ñ. The support ofÑ is supported precisely where is not an isomorphism with multiplicity 1 along each component, and is contained in Sm.
Thus :C ! C is a clutching morphism Kn Section 3. The author was unable to nd this precise statement in the literature, but it is surely well-known. We will use the notatioñ N to simultaneously denote the Cartier divisor and the corresponding underlying scheme. We call the Weil divisor N := Ñ=2 the nodes of the family. Proof. We rst show that is a family of nodal curves, and thatÑ consists of smooth points of. Properness is immediate, and the remaining conditions need only bec hecked in a formal neighbo r h oodof closed points p of C. If p 2 Sm, then it is a normal point of C. If p is a node of the ber, then the complete local ring of X at p is B = A u; v =uv , h, where A is the complete local ring of S at p dJ 2.23. Here m A is the maximum ideal corresponding to p, h 2 m, and x; y ;m is the maximum ideal corresponding to p.
If h = 0, the normalization clearly has two points, smooth above S. If h 6 = 0, the local ring is normal. Sketch of proof: It su ces to show that A u; v =uv , h is normal, which can be rewritten as A x; y =x 2 , y 2 + h. But y 2 + h is square-free, and if A 0 is a normal domain and h 0 is square free, then A 0 x =x 2 , h 0 is normal by same proof as that of Hart Ex. II.6.4.
All that remains is the statement about relative dualizing sheaves. Using the explicit formallocal computations above, there is an exact sequence of sheaves 0 ! F ! C = S ! C = S ! 0 onC where F is an invertible sheaf onÑ. Hence if det is the determinant functor de ned in KnM Chapter I, det C = S = det C = S det F ,1 = det C = S det F ,1 :
As det X=S = ! X=S for a family of nodal curves Kn Section 1 and det F = OCÑ as F is an invertible sheaf onÑ andÑ is Cartier, the result follows.
2.4. We de ne three di erent conditions on families of maps of nodal curves : C ! P In general, if U ! M is a family of maps whose general curve is smooth, we will call the locus in M where the corresponding curve is singular the boundary of M, and denote it . By abuse of notation, we sometimes refer to as the boundary as well. Hence the branch divisor is in class D univ + ! univ j D univ This result should also hold if the family only satis es **, although we won't need this. Proof. It su ces to prove the claim when S is normal; in general, one can pushforward the analogous result on the family over the normalization of S see 2.1. We may discard closed subsets of D univ of codimension at least 2, and we use this to make simplifying assumptions about the family.
is nite away from a codimension 2 subset of S Assume the family satis es * and hence the hypotheses of the previous Claim. Recall that dim R univ = d+ 1 , and R univ is contained in D univ , a P 1 -bundle over C. A component R of R univ is of one of two forms. If R maps to ram , then as dim ram d and equality holds only for components surjecting onto S, R must beaP 1 -bundle over a component of Sing and R surjects onto S. Loosely speaking, this is a locus where a rami ed point of the general curve maps to the universal line corresponding to the point in
Otherwise, there is a morphism from the unrami ed points of to C P 2 sending each point to its tangent line, and the image is an open subvariety of R univ of dimension d + 1. Loosely speaking, a component R of R univ mapping to this locus corresponds geometrically to points of tangency from unrami ed points of the general curve to the universal line. Again, R surjects onto S.
3.6. Claim. | a If the family satis es *, then R univ consists of the divisorial components of the closures of the sets i rami cation points of mapping to the universal line, and ii unrami ed points of maps tangent to the universal line, with multiplicity 1.
b In i, rami cation" may be replaced by simple rami cation". In ii, tangent" may be replaced by simply tangent". c Furthermore, R univ consists of the divisorial components of the closures of the sets i maps where a simple rami cation of maps to the universal line, and ii maps where the image is simply tangent to the universal line. Divisors of the rst type appear with multiplicity 1, and divisors of the second type appear with multiplicity d . Proof. By 3.5, a is true set-theoretically. By Sard's theorem, we can check the multiplicities by looking over a general point of S as each component surjects onto S, and the constructions all commute with base change. See K2 p. 6 for a discussion of applications of this variant of Sard's theorem to enumerative geometry. Thus it su ces to prove the result when S is a closed point, so we have reduced to the case of a single map, and the study of the rami cation divisor of the morphism from a P is as described in a. In the course of proving a, we saw the behavior of the general points of the components of R univ and R univ , so b and c are also clear.
3.7. Next assume that S is normal, and that the family satis es **. LetC bethe normalization of C soC ! S is a family of nodal curves by Lemma 2.3. LetÑ resp. N bethe locus onC resp. C described in 2.3 the branches of the normalization", resp. the nodes of the family". De ne D univ , ! univ , R univ as above, andD univ ,! univ ,R univ the analogous constructions for the familyC ! S. Let bethe normalizationC It should certainly betrue that R univ = R univ + Ñ P 2 D univ as cycles, but we won't need that here. It is useful to think of this claim geometrically but sloppily as: the divisor where a family is tangent to a line is the divisor where the normalization of the family is tangent to the line, plus twice the divisor where a node of the family is mapped to the line". , and for each component of the generic curve C not mapped to a point, associate the locus where p lies on the image of this component; this is a Weil divisor on S. Associate to this Weil divisor a multiplicity equal to the degree of the map of the component of C onto its image. The formal sum p of these divisors with these multiplicities is in class .
We can also interpret geometrically. Fix a general line L P 2 . To each component of the normalization of C satisfying * we associate the locus where the map C 0 ! P 2 is tangent to L; this is a Weil divisor on S. Assign a multiplicity of d to this divisor. To each component of the normalization of C satisfying * we also associate the locus where a rami cation point of maps to L, with multiplicity 1. To each node of the family we associate the locus where the node is mapped to L. This is a Weil divisor on S; assign a multiplicity of 2 to it. Then the formal sum L of these divisors with these multiplicities is in class .
Moreover, if Q is any subvariety of S distinct from S, Q is not contained in any component of p or L on S for p and L general. Consequently, if the general map in S does not satisfy a closed condition e.g. cuspidal, tacnodal, or with a node on a xed line, then neither does the general map in any component of p or L . In particular, each component in p and L also satis es **.
3.14. We now come to the main result of this section. Suppose C ! P this shows inductively that the components of Q described above are distinct. 3.17. Generalizations. The obvious generalizations to maps to P n and with marked points which will not beneeded here are also true: the arguments are identical. The argument for maps to P ; d is irreducible of dimension 3d. The boundary is the union of 1 divisors 0;j j 0 where 0;j generically corresponds to a map of a genus 1 curve E and a genus 0 curve R joined at a node, where R is mapped with degree j and E is mapped with degree d , j, 2 the divisor 0 of maps from rational nodal curves, and possibly 3 more V2 Lemma 3.14: 3 points corresponding to cuspidal rational curves with a contracted elliptic tail, 4 points corresponding to a contracted elliptic component attached to two rational components, where the images of the rational components meet at a tacnode, and 5 points corresponding to contracted elliptic components attached to three rational components. Let ei bethe union of divisors of type 3 5 above. Then Q is the set of points corresponding to maps through the a points and tangent to the b lines. We will see that Q is disjoint from , which will imply the claim.
If U ! is the restriction of the universal family to , let i : U 0 , ! U bethe component of U that is the union of the noncontracted genus 0 curves. Then i is a stable map of genus 0 curves to P 2 over , inducing a morphism f : ! M 0 P 2 ; d whose general ber above the image f is 1-dimensional, corresponding to the j-invariant of the elliptic tail. Thus dimf = dim , 1 = a + b , 1. There are no maps in f through the a po i n ts and tangent to the b lines, for dimensional reasons. But it is easily checked that a map m 2 passes through a point resp. is tangent to a line if the map fm does, so Q = ;.
The arguments for types 4 and 5 are similar, and will only besketched. For type 4 divisors, construct the auxiliary family U 0 by discarding the contacted genus 1 component and gluing the two genus 0 components together along a node. For type 5, discard the contracted genus 1 component and glue two of the three genus 0 components together along a node; this may require a nite cover.
For this reason, the components of ei will not contribute enumeratively, so we call them enumeratively irrelevant boundary divisors. 4.7. Maps to P n . Almost all of the results of Sections 2 4 about maps of curves to P 2 carry over essentially without change to maps to P n . There are only two additional comments worth making. 1 For 1 j n, there are classes j 2 A j,1 S corresponding to maps intersecting codimension j linear spaces so = 2 when n = 2. All analogous transversality results to hold. 2 In the genus 1 case, there are potentially n + 1 enumeratively irrelevant bo u n d a r y divisors. One proof involves studying rational curves through 3d,2 xed points, two of which are marked p and q, and two marked points r and s on xed general lines, and pulling back an equivalence on Pic M 0;4 . The same cross-ratio" trick gives a recursion for N P d : Ernstr om and Kennedy showed that the genus 0 characteristic numbers are encoded in a deformed quantum cohomology ring, the contact cohomology ring, EK1 , ek2. 5.6. Swapping incidences for tangencies: the family N P . A similar argument applied to the one-parameter family corresponding to degree d rational curves with a node at a xed point, through a general points and tangent to b general lines where a+b = 3d,4 gives the formula shown in Appendix A. The corresponding di erential equation is: N P y z = ,N P x + N P xz , 1 2 R 2 z z x + R z z x +y R z x x 2 +2R z z +y R z x N P z z +y N P z x ,R z z N P z z : 5.7. Swapping incidences for tangencies: genus 1. As ! = In each sum in the large bracket, it is assumed that a i + b i = 3i , 1 if R i a i ; b i appears in the sum, and a i + b i = 3i , 3 if N P i a i ; b i appears. The same assumption is made when i is replaced by j.
Genus
The large square bracket corresponds to maps from reducible curves. To avoid confusion: the image of the node" refers to the image of the node of the source curve. The xed node" refers to the node of the image that is required to beat a xed point. Zero, one, or two tangent lines can pass through the image of the node of the source curve. The two branches through the xed node can belong to the same component, or one can belong to each. The table below identi es which possibilities correspond to which sum in the large bracket. sum numbe rof tangent numbe rof lines through image irreducible components of node of source through xed node  rst  0  2  second  0  1  third  1  2  fourth and  fth  1  1  sixth  2  2  seventh  2  1 16
